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O . Abstract 

, The Painleve transcendents Pi—Py and their representations as isomonodromic de- 

formation equations are derived as nonautonomous Hamiltonian systems from the classical 
i?— matrix Poisson bracket structure on the dual space 5l^(2) of the loop algebra s[fj(2). 
The Hamiltonians are obtained by composing elements of the Poisson commuting ring 
of spectral invariant functions on s[j^(2) with a time-dependent family of Poisson maps 
^ I whose images are 4-dimensional rational coadjoint orbits in 5 [^(2). Each system may be 

• interpreted as describing a particle moving on a surface of zero curvature in the presence 

of a time-varying electromagnetic field. The Painleve equations follow from reduction of 
these systems by the Hamiltonian flow generated by a second commuting element in the 
ring of spectral invariants. 



Oh! 



X 



Introduction. 

The Painleve transcendents Pj-Pvi [I] may be interpreted as deformation 
equations preserving the monodromy of first order matrix differential operators 
of the form 

v, = -^-m\ (0.1) 

where A/'(A) is a rational, matrix-valued function of A (cf. [JM]). It has long been 
known that they may also be viewed as nonautonomous Hamiltonian systems (see, 
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e.g., [Ok] and references therein). In [H, HW2], it was demonstrated that the 
relation between the Hamiltonian structure and the isomonodromic deformation 
property follows naturally from a classical i?-matrix structure on the loop algebras 
qI{2) and £|l(3) . Following the general scheme of [H] for obtaining isomonodromic 
deformation equations from spectral invariants on loop algebras, the Hamiltonians 
are obtained through equivariant moment map embeddings of a symplectic vector 
space (R^, in the case of the Painleve equations), or some Hamiltonian quotient 
thereof, in the dual space 0|j of a loop algebra g^, with Lie-Poisson structure 
determined by the "split" classical i?-matrix [ST, FT] 

i?=l(P+-P_). (0.2) 

(Here P± denotes projections to the positive and negative powers in the loop param- 
eter.) The relevant Hamiltonians are obtained by restricting elements of the Poisson 
commuting ring of spectral invariants on g|j to the image of these Poisson maps. 
The isomonodromic property follows from a modification of the isospectral equa- 
tions induced by such Hamiltonians, taking into account explicit time dependence 
of the parameters defining the moment map. 

In the case of the Painleve transcendents Pj-Pvi; the resulting Hamiltonians 
all turn out to have the simple form 

1 " 

'^=2^T. a'^ivi + M^)){yj + M^)) + v{x), (o.a) 

where n = 2 for Pj-Py and n = 3 for Pyj. Here g'^^ , Ai and V denote the com- 
ponents of a symmetric contravariant tensor field, a covector and a scalar field 
respectively, and {a^i, yi}i=i...n are Cartesian canonical coordinates on R^"^. After 
suitable reduction under a 1-parameter group of Hamiltonian symmetries, the equa- 
tions Pj-Py result. (To obtain Pyj, reduction under a Hamiltonian ©1(2, R) action 
is required). However, in [HW2], only for the case Py was the tensor g^^ found 
to be nonsingular, allowing an interpretation of its inverse as a Riemannian metric 
and, correspondingly, the fields Ai and V as magnetic and electric potentials. 

In the present work it will be shown that, by making suitable modifications of 
the Hamiltonians Hi-Hy of [H, HW2], obtained by the addition of terms involv- 
ing only the invariant generating the symmetry group, one can obtain systems in 
which not only is the tensor g^^ invertible, but the corresponding metric tensor is 
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Euclidean. The result is a simple, flat-space 2-dimensional electromagnetic model 
for each case, yielding the Painleve transcendents Pj-Py after symmetry reduction. 
For each of the modified systems, this also provides an isomonodromy representation 
following from the classical i?-matrix structure. 

In Section 1, the notation for loop algebras is given, and the basic results con- 
cerning isospectral flow and isomonodromic deformations following from the classi- 
cal i?-matrix structure on loop algebras are recalled. In Section 2, for each of the 
Painleve transcendents Pi-Py, the relevant moment map embedding and spectral 
invariant Hamiltonians are given and Hamilton's equations prior to reduction are 
derived in their isomonodromic deformation form. These Hamiltonians all turn out 
to have the simple electromagnetic form (0.2), with g^^ the inverse of a Euclidean 
metric tensor. These are are then re-expressed in terms of Cartesian coordinates for 
this metric, the vector and scalar potentials are identifled, and the reduced forms 
leading to the Painleve equations are derived. 

1. Poisson Embeddings in Loop Algebras and the Classical i?— Matrix. 

la. Loop algebras and R-matrix structure 

Let be a matrix Lie algebra. (For the purpose of this work, it will be sufficient 
to just consider g = s^(2).) Define the loop algebra g to be the set of smooth maps 
X : C ^ 0, where C is a circle centered at the origin in the complex A-plane. We 
may split J as a vector space direct sum 



where 0+ and 5_ are the subalgebras consisting of elements admitting holomorphic 
extensions to the interior and exterior of C, respectively, with the latter vanishing 
at A = oo. 

The Ad-invariant scalar product 



gives an identification of g as a dense subspace of its dual space, which will hence- 
forth be denoted as g*. The splitting (1.1) may thus be interpreted as 



= 5+ © 



(1.1) 




(1.2) 



5* = 0;©0i, 



(1.3) 
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where is identified with the orthogonal annihilator (g^)"*" with respect to (1.2). 

Denoting by P+, P- the projections of g to 0_, respectively, we may define 
a "classical i?-matrix" [ST] as the endomorphism: 

i?=^(P+-P_). (1.4) 

The bracket 

[X, YU := [R{X), Y] + [X, R{Y)] (1.5) 

determines a second Lie algebra structure on q, which is essentially the direct sum 
of the algebras 5+, 0_. Denote by Qr the Lie algebra endowed with this new bracket 
and the corresponding dual space. The associated Lie-Poisson bracket is then 

{/, 9}ni^^) ■■=< -AA, [dfW, dg{N)]R >, ^^erR (1-6) 



lb. Isomonodromic deformations and moment map embeddings 

Using the general method of moment map embeddings in loop algebras devel- 
oped in [AHP, AHH, HWl], parametric families of Poisson maps 

Ja:M^qaC q*r, (1.7) 

may be defined on a symplectic vector space M (which, in the following, will just 
be R^), taking their values in a Poisson subspace qa C Qr consisting of elements 
J\f of the form 

no n h ,^ 

^(A):=E^o,,A' + EE7X%7-- (1-8) 

1=0 i=l ai = l ^ 

For the purpose of deriving isomonodromic deformation equations, in which the 
ctj's may be time-dependent, it is best to choose the circle C defining the splitting 
(1.1) "at oo", in order that none of the time-dependent poles traverse C at finite t; 
i.e., the poles at A = ct^ are taken as interior to C, while A = cxo is exterior. The 
Lie-Poisson structure (1.6) on qr may be expressed in terms of the matrix elements 

by 

= (^"W - (^"iW -^^^w)^", (1.9) 

A — jj, 



ELECTROMAGNETIC MODELS FOR THE PAINLEVE TRANSCENDENTS 



5 



and the maps J a are Poisson maps with respect to this structure. For the case 
Q = s[(2), X{X) has the form 



//i(A) e(A) \ 
•^^^)-^/(A) -h{X)) 



(1.10) 



where e(A), /(A), h{X) are rational functions of A satisfying the Poisson bracket 
relations 

{/.(A), e(/x)} = 2^Z<1^ (1.11a) 

{h{x), f(^)} = -M^iIM (i.iib) 

{e(A),/W} = 2M^. (1.110) 

In [ [H, HW2]] such maps were used, within the classical i?-matrix frame- 
work, to generate nonautonomous Hamiltonian equations which, upon reduction by 
suitable symmetries, lead to the the six Painleve transcendents. This approach is 
based on the following construction. 

Let Xa be the ring of spectral invariants on restricted to Qa- The classical 
i?-matrix form of the Adler-Kostant-Symes theorem [ST, HWl] states that: 

1. All the elements in Xa Poisson commute with respect to the Lie-Poisson 
bracket (1.9) (and hence, so do their puUbacks under the Poisson moment 
maps Ja)- 

2. The equations of motion for H e I a are given by the isospectral equation 

^ = [p.{sn),M] (1.12) 

where, for any cr G R, is the endomorphism 

P,:=^(cT + l)P+ + l(cT-l)P_, (1.13) 



(The fact that Ti is in the ring I a of spectral invariants implies that d7i{J\f) com- 
mutes with J\f, so the various choices of o" e R in (1.13) give equivalent equations 
(1.12).) 
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If N is understood as the image of Ja^ eq. (1.12) may be viewed as a conse- 
quence of Hamilton's equations on M corresponding to the Hamiltonian H o J^. 
If the Poisson map Ja depends exphcitly on the time parameter t, this becomes a 
nonautonomous Hamiltonian system and eq. (1.12) must be modified to take into 
account the total derivative of jV: 

^ = [P,{6H), Af]+Aft, (1.14) 

where Aft denotes derivation with respect to the explicit t-dependence. If, further- 
more, H is such that, for some value of cr, we have 

^M=M, (1.15) 

then this system is equivalent to the commutation relation 

[-Dt, Vx] = 0, (1.16) 

for the operators 

Vx: = -^-Af, (1.17a) 

Vt: = -^^-PMn), (1.17b) 

and hence determines deformations of the operator Vx that preserve the monodromy 
about the poles of A/'(A). More generally, if H splits into a sum of terms 



n = J2'^a, (1.18) 



a=l 

each of which is a spectral invariant, we may replace Pa-{5H) in eqs. (1.12)-(1.17a,b) 
by the sum 

/ 

J^P-aiSUa) (1.19) 
a=l 

for distinct values {cra}a=i,...l, since each term SHai-^f) individually commutes with 
Af. 

For Q = sl(r), a complete set of generators for the ring I a is given by the 
functions 

/im — / A"^tr(Ar2(A))dA, m e Z. (1.20.) 



ELECTROMAGNETIC MODELS FOR THE PAINLEVE TRANSCENDENTS 



7 



The number of these that are independent on the image Ja{M) depends on the pole 
structure of A/'(A). When J a is an immersion, this number will, in general, equal 
I dim(M) (= 2 in the examples to follow), which means the associated autonomous 
systems (1.12) on Ja(M) are completely integrable on "generic" orbits. 

Ic. Electromagnetic systems and reductions to the Painleve equations 

The Hamiltonians Ha £ 1a used here to obtain the Painleve equations Pi-Py 
are obtained from those defined in [H, HW2] by adding an appropriate constant 
of motion defined in terms of the second generator a e Ia of the ring of invariants. 
They will all be of the form 

n\ = HA + ka^, (1.21) 

for A = /,... y, where TIa is the Hamiltonian of [H, HW2] and k is independent 
of the phase space variables, but may be explicitly t-dependent. The main point 
is that the factor k may always be chosen so that 7Y^, is still of the form (0.2), 
but with the contravariant tensor g"^^ invertible, and such that the corresponding 
covariant tensor gij is interpretable as a flat Euclidean metric. Since Hamilton's 
equations for the TY^'s reduce, under the flow generated by the invariant a, to the 
Painleve equations, and ka? just adds a constant to the reduced Hamiltonian, this 
does not alter the reduced equations. 

In each case, we introduce new canonical coordinates (p, /U,Pp,p^), such that 
(p, /u) are Cartesian coordinates on the configuration space with respect to the 
modified Euclidean metric and {pp,p^) are their conjugate momenta. In these 
coordinates, the Hamiltonians (0.2) take the simple form 

= 2^ i^P' + + l(P^ + ^m)') + Vip, li), (1.22) 

where the "mass" m may be time dependent. The equations of motion are therefore 
of the 2-^dimensional Lorentz form: 

(mp)"= Bfi + Ep (1.23a) 

{mij,)-=-Bp + E^, (1.23b) 

where 

B = Ap,^ - A^,p (1.24) 

is the magnetic field and 

(Ep, E,) = (^-_ + A„ -— + A,^ (1.25) 
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the electric field. The presence of the additional symmetry group generated by the 
invariant a reduces these to a single second order ODE, and the resulting systems 
give the Painleve equations Pi-Py. 

In the following section, using the Poisson embeddings of refs. [H, HW2], 
we derive the explicit form of the Hamiltonians, the isomonodromic deformation 
equations and the Lorentz equations of motion (1.23a,b) for each of the Painleve 
transcendents Pi-Py, 



2. Spectral invariant Hamiltonians, isomonodromy representation and 
electromagnetic systems. 

2a. Painleve I 

The moment map (1.7) is defined for this case (cf. [HW2]) as 



Ji{xi,X2,yi,y2) =^^{X) ■■=X^ (J^ Q^+^ 



Xi X2 
K —Xi 



^f-y2 + x,x2 yi + t/2\ 

\ -Xf - KX2 y2 - XiX2 J 

where {xi, X2, 2/2} are Cartesian canonical coordinates on R^, k is a positive 
constant and t is the deformation parameter. It is easily verified that the matrix 
entries satisfy (l.lla-c), so this is a Poisson map. The Hamiltonian Tij e Xa is 
defined as 

^r:=^i + y, (2.1) 



where 



m :=^res A=otr(A- W^^A)) 

=\ (^(2/2 - x^X2f - {xl + nx2){yi + ^)^ (2.2) 

and the commuting invariant a e Xa is 

a :=^res x^Qir{X-'^M^{X)) 

=K{yi - xl) - 2xiy2 + x\x2. (2.3) 

The differential is given by 

5H*^ = 6ni + a6a = ^X{X) + -^^f{X), (2.4) 
2X X 
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SO, in the notation of eqs. (1.13), we have 

It follows that eq. (1.15) is satisfied for u = 1, and Hamilton's equations are equiv- 
alent to the isomonodromic deformation equation (1.16), with A/'(A) given by (2.1), 
and 



ai-[o \ )--2[: -xj- p-'') 

Since Hi is given by: 

'Hi =\{fi^yl + (1 + 4x?)yi - 4KXiyiy2 

+ {Akxix\ — 2xiX2 — 4:X2xl)y2 + {2kx2x\ — 2k^x\ — kx2 — x\)yi 

+ x\x\ ^ ^ h k'^X2 — 2kx\x\ + x\x\), (2.7) 

we may take m = 1 in eq. (0.2), and the contravariant tensor g'^^ is 

—2kxi 
-2kx\ 1 + Ax\ 

The inverse 

3^^ = ^[ 2nx, «^ ) ^2.8b) 



9'^ = ( oL . 'Ti ) • (2.8a) 



defines a new Euclidean metric, for which Cartesian coordinates may be chosen as 

2 

Xi Xa , , 

p= — , iJi = X2-\ , (2.9a) 

K K 

with conjugate momenta 

Pp = «yi - 2a;i?/2, Pfj, = y2- (2.9b) 
In terms of these, the Hamiltonian is 

'Hi{n,p,p^,Pp) = ^{pI+pI) - {2Kiip- K^p^)p^ 



^ (2.10) 
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The vector and scalar potentials in this case are therefore: 

A ={3k'^p'^ii - k/i'^ - ^ - 2K^p^)dp + (re^p^ - 2Kiip)diJ, 

^ (2.11a) 

F = -^-^-^, (2.11b) 

4 2 8 ^ ^ 

and the constant of motion a is 

a = pp - p'^ - Kp,'^ + 3k'^ p,'^ p'^ . (2.12) 

A simplification is obtained by applying the gauge transformation 

A + dX = -^dp:=A, (2.13) 

where 

2 

\:= Kp^p- K^p^p^ -K^p^, (2.14) 

5 

which is equivalent to making the canonical coordinate transformation 

(p,/i,Pp,PM) ' — ' {Pil^iPpiPi^)i (2-15) 

where 

Pp=Pp->^,p, Pp=P^i-^,p- (2.16) 
In terms of these coordinates, the Hamiltonian (2.10) becomes 

= l{pl+ (p. - f )') -'-^-'-f-Y ^'-''^ 

and the corresponding invariant is 

a:=pp. (2.18) 

The magnetic field B is just the constant — |, and the Lorentz equations (1.23a,b) 
become 
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Eq. (2.19a) is equivalent to the fact that 



p+| = a (2.20) 
is constant. Substituting in (2.19b) then gives 

Y/^'+4^+2' (2-21) 
which, for K = 4, a = 0, is the standard form of Pj. 

Equivalently, fixing the value of the invariant a reduces the Hamiltonian (2.17) 
to g 

rii [^,p^,t)-p^ 2~ 2 ^ 

and Hamiltonian's equations again give eq. (2.21) after elimination of the momen- 
tum p^. 

2b. Painleve 11 

The moment map (1.7) for this case is defined as 

J,z(xi,X2,yi,y2)=A/'(A):=A2(^| _°k)+a(^^° 

+ + ^ -"y^ A, (2.23) 

V xi -X2yi - {] 

where k is a nonzero constant and t is the deformation parameter. Again, the 
Poisson bracket relations (l.lla-c) are easily verified. The Hamiltonian Tijj e Xa is 
taken as ^ 

^n:=^ii + -, (2.24) 

K 

where 

Hu =^res A=otr(A-W2(A)) 
1 

=-{{x2yif +tx2yi + -r - «^ciy2), (2.25) 

K 4 

and the commuting invariant a e Ia is 

a := - ;^res x=otr{X-^M\\)) 
Zk 

=xiyi+X2y2- (2.26) 
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The differential is given by 



Sn*n = SHii + —5a = \u{\) - (2.27) 
so, in the notation of eqs. (1.13), we have 

It follows that eq. (1.15) is satisfied for cr = 1, and Hamilton's equations are equiv- 
alent to the isomonodromic deformation equation (1.16), with A/'(A) defined by 
(2.23), and 

Since TYjj is given by: 
1 

'^11 = - {{^1 + ^2)2/1 + 2x1X22/12/2 + xlyl + tx2yi + -r - i^xiy2), (2.30) 

K 4 

the mass m in eq. (0.2) may be taken as 

m=|. (2.31) 



The contravariant tensor g^^ is then 



_ , x? + xl xi j2 ) _ .2.32a) 



and the inverse: 

1 Xl 



= I ^4 ^ ) (2-32b) 
is again Euclidean. Cartesian coordinates for it may be chosen, for X2 > 0, as 

p = lna;2, = — , (2.33a) 

with conjugate momenta 

Pp = xiyi + X2y2, Pi^ = X2yi. (2.33b) 

(This may be viewed as the canonical lift of a map taking the open upper half of 
the (xi, a;2)-plane to the entire (p, //)-plane, the Euclidean metric determined by 
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the latter.) In terms of the (p, lJ',Pp,Pij,) coordinates, the Hamiltonian is of the form 
(1.22), with vector and scalar potentials: 

A = ^(k/x^ + t)diJ, - \:Kfxdp (2.34a) 

V = -— {k^ii^ + 2tK//2 ^ ^2^2^) ^ _ h - - j , (2.34b) 

and the constant of motion a is 

a = Pp. (2.35) 

The magnetic field B is just the constant — so the first of the Lorentz equations 
(1.23a,b) gives the conserved quantity 

'^{p + fj,) = a. (2.36) 

The second is equivalent to Hamilton's equations for the reduced Hamiltonian 

n?/ =-{pI + tp^. - «a// + Kfi\) + - + ^. (2.37) 
After elimination of the momentum p^, these give 

fl = 2/1^ + — + a, (2.38) 

K 

with 

a := (2.39) 

K. 

which, for k = 2, is the standard form of Pu. 

2c. Painleve HI 

The moment map for this case is 



Jiii{xi,x2,yi,y2) =Af{X) 



Kt 

-Kt I 2A 



L f + X2y2 2 (1/11/2 - ^ + ^) \ 
!A y -2x1^2 -xivi - X2y2 J 



/ yiX2 2/1-41 (2 40) 

I -xl -yiX2 
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where n ^ 0, ki, K2 are constants and t is the deformation parameter. This again 
satisfies the Poisson bracket relations (l.lla-c). The Hamiltonian Tijjj e Xa is taken 
as 

^r„:=Wiii + |^, (2.41) 



where 



Win = ^res A=otr(AAr2(A)) 

o 2. . 2 / (xii/i - a;22/2)^ . xi 2^1 

= -2k tyiX2 + - : h «2 ^ 

t \ 4 a;2 ^2 



a := - 77- res A=otr(A^^(A)) 



(2.42) 



and the commuting invariant a e is 

1 

=a:iyi + 0:22/2 • (2.43) 



The differential is given by 

Sntn = SHiu + ^Sa = ^A^(A) - ^^fW, (2-44) 
so, in the notation of eqs. (1.13), we have 

_ 1 3(xiyi + ^2^2) 2(yiy2 - ^ + ^) ^ _ 
2^ \^ -2a;ia;2 -3(a;i?/i + 0:2^2) / 

2 

It follows that eq. (1.15) is satisfied, with Pcr{SH) replaced by Po{6T-Cui) + Pi{6{^)) , 
and Hamilton's equations are equivalent to the isomonodromic deformation equa- 
tion (1.16), with A/'(A) defined by (2.40), and 

\0 —K J 2t y -2x\X2 —^{xiy\ + X2y2) J 

^(yiX2 yI-4/xl\ .2.46) 
2A V -xi -yiX2 J ^ ' 



V, 



d_ 
"di 

d_ 
"di 
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Since TYjjj is given by: 

^iii = 7 (^IvI + 4yl + 2k2«2— - 2k^^) - 2KHyiX2, (2.47) 

either the metric gij or the mass m in eq. (0.2) must be chosen as t-dependent. 
Taking the mass to be 

m=^, (2.48) 

the contravariant tensor g^^ is 



and the inverse: 



^ 

^ 2 



= I 1 ) (2.49b) 



is again Euchdean. Cartesian coordinates for it may be chosen, for xi,X2 > 0, as 



p = lnxiX2, iJi — In — , (2.50a) 

X2 



with conjugate momenta 



Pp = \{xiyi + a^22/2), Pn = ^{xiyi - X2y2)- (2.50b) 

(Again, this may be viewed as the canonical lift of a map taking the first quadrant 
of the (xi, X2)-plane to the entire (p, |U)-plane.) In terms of these coordinates, the 
Hamiltonian is of the form (1.22), with vector and scalar potentials: 

A = - ^e-'^dp - -^e-f'dii (2.51a) 
V =^^e^^ - Me^M _ «4^3g-2M^ (2.51b) 

and the constant of motion a is 

a = 2pp. (2.52) 



The magnetic field B is now 



B = (2.53) 
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Taking into account the t-dependence in the Ap component of the vector potential, 
the first of the Lorentz equations (1.23a,b) gives the conserved quantity 

I (p + 2KHe-^') = a. (2.54) 
The second is equivalent to Hamilton's equations for the reduced Hamiltonian 



t V 2 y t t 2 2t 

After elimination of the momentum p^, these give 

fl=---4{a + 2)K^e-^ + 1 At^K^e-^^". (2.56) 

Making the change of variable 

u := te-^, (2.57) 



this becomes 



where 



ti 1 S 

u= + -(au'^ + P) +-fu^ + -, (2.58) 

u t t u 



q; := 4(a + 2)k^, P := SkkiK2 
7 := 4k^, 5 := — 16k^K2, 

which is the standard form of Pm. 

2d. Painleve IV 

The moment map for this case is 



(2.59) 



Jiv{xi,X2,yi,y2) =\{ Q + 



+ 



1 f -X2y2 -vl + ^ 



2{\-t) y xl X2y2 J (2.60) 



where k is a nonzero constant and t is the deformation parameter. The Poisson 
bracket relations (l.lla-c) are again easily verified. The Hamiltonian Ti^y G I a in 
this case is taken as 

niy :=niY + a^, (2.61) 
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where 

1 



HiY := ^res x=M^\\)) 

-tx2y2 + xly^ + ^ - (2-62) 



and the commuting invariant a G Xyi is 

1 



:= - - (res A=otr(A- W(A)) + res A=ttr(A- W(A))) 
= xiui + ]^X2y2- (2.63) 



The differential is given by 

Snty = SHiY + 2aSa = J\f{X) - '-^Af{X) (2.64) 

A 

so, in the notation of eq. (1.13), we have 

Eq. (1.15) is satisfied with Pa-{SH) replaced by P-i{SHiy) +Pi(5a^), so Hamilton's 
equations are equivalent to the isomonodromic deformation equation (1.16), with 
Af{X) defined by (2.60) and 

-r> ._ ^ , /^o V 1 (-X2y2 -yi + K^X2^\ , . 

^'-m^yo -a)+^{)—r)[ xl X2y2 ) ^^-^^^ 

Since is given by: 

( 2 2 2 2 \ 

+ + xiX2yiy2 + x^y^ - \ , (2.67) 

we may chose m = 1 in eq. (0.2), and the contravariant tensor g'^^ becomes 

2x\ X1X2 



X1X2 Xi + ^ 



9'' - ( : _ ) • (2.68a) 



The inverse 2 

1 I ^2 ^2 



X2 

2x'f Xl 



18 



J. HARNAD AND M. ROUTHIER 



is again Euclidean, and Cartesian coordinates for it may be chosen, for xi > 0, as 

p = — ;=lna;i, jj, = — (2.69a) 

V2 



with conjugate momenta 

Pp = V2 (xiyi + ^Y^) , = V^y^- (2.69b) 

In terms of these coordinates, the Hamiltonian is of the form (1.22), with vector 
and scalar potentials: 

A = -itfi+ ^)dfi + ^dp (2.70a) 
and the constant of motion a is 

a = ^vp. (2.71) 

The magnetic field B is now 

B = V2n, (2.72) 

so the first of the Lorentz equations (1.23a,b) just gives the conserved quantity 

^ - f = f^-^^) 

while the second is equivalent to Hamilton's equations for the reduced Hamiltonian 

nVv' = \vl + - [tp +^)p, + ap' - (2.74) 

After elimination of the momentum p^, these give 

g 3 

'p = -ap + 2^ + 2t//^ + *V + ^At^ (2.75) 

with 

a:=2a+l, P:=-2k'^. (2.76) 
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In terms of the new variable 

u := fj,"^, (2.77) 

this becomes 



u 



2 



u= — + — +Atu^ + 2(t- a)u+ (2.78) 
2tt 2 u 



which is the standard form of Piv- 

2e. Painleve V 

The moment map (1.7) for this case is defined as 



xiyi 

-X2y2 -y2 + ■ 



2(A - 1) \ xj X2y2 



"1 



(2.79) 



where ki, K2 are arbitrary constants and t is the deformation parameter. Again, the 
Poisson bracket relations (l.lla-c) are easily verified. The Hamiltonian Tiy e Za is 
taken (cf. [H, HW2]) to be 

riy =/tv - ^ 

= - ^^^^ + + yl) + i + -if ) - -^^^ + 1 



(2.80) 



where 



Hv (res a=o(W^(A)) + res a=i(W2(A))) 



(2.81) 



and the commuting invariant a e Ta is 

1 

2t 

iciyi +a;2y2- (2.82) 



a := - — (res A=otr(7\A2(A)) + res x=ii^{N'^ {X))) 



The differential is given by 



5n*y = 57iv - I = jAr(A) + ^M{\) (2.83) 
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SO, in the notation of eqs. (1.13), we have 

A(^«v)=a(J + (2.84) 

Eq. (1.15) is satisfied for cr = 1, so Hamilton's equations are equivalent to the 
isomonodromic deformation equation (1.16), with A^(A) defined by (2.79) and 

-<:=4-f^ ' . --f^l^Sl. (2.85) 



dt vo -Ay 2tl^2^4 



From the form (2.80) of Tiy we may choose 

m = -2t, (2.86) 
and the contravariant tensor g'^^ becomes 

^'^■= f'^'n"'^ .2° 2V (2.87a) 



with inverse 



which is again Euclidean. Cartesian coordinates (p, ji) for it may be chosen as 

p = In-y/ x\ + xi = cos /i, X2 = sin (2.88a) 

with conjugate momenta 

Pp = + X2y2, Pp, = a;iy2 - X2yi. (2.88b) 

(Note that, whereas these appear like polar coordinates, metrically, they define 
a map from — (0, 0) to a flat cylinder.) In terms of these coordinates, the 
Hamiltonian is of the form (1.22), with vector and scalar potentials: 

A =2t(sin 11 cos //d// + sin^ iidp) (2.89a) 
2^ ^2 _|_ ^2 

V = — (^vitan//2 + K^cot/x^) +tsin^/x ^— — (2.89b) 

4t ot 
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and the constant of motion a is 

a^Pp. (2.90) 

The magnetic field B is now 

B = 2tsm2ii, (2.91) 
so the first of the Lorentz equations (1.23a,b) just gives the conserved quantity 

-2tp-2tsm^ a (2.92) 

and the second is equivalent to Hamilton's equations for the reduced Hamiltonian 

oy* pI , «i tan^ II + cot^ /i .3 . > ^1 - t o ai\ 

Hy = --^ + — asm^//-p^sm//cos//+ -^-^^ — . (2.93) 

In terms of the new variable 

u:=-cotV (2.94a) 



and its conjugate momentum 



P. := f^. (2.94b) 

2 cot jJL 



this becomes 



and Hamilton's equations, after elimination of the momentum are 

ii=fi + ^V'-i^+(°"'+^)("-')%I!i + ^"(" + ^, (2.96) 
\2u u — lj t t-^u t u — 1 

where 

2 ' ^ ■ 2 (2.97) 
7:=2a + 2, 5 := -2, 

which is the standard form of Py 
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3. Discussion. 

We have seen that both the Hamiltonian structure and the isomonodromic de- 
formation property of the Painleve transcendents arise naturally within the frame- 
work of time dependent Poisson embeddings of a 4-dimensional phase space into 
the loop algebra sl(2)ij. The Hamiltonian structure of the Painleve transcendents 
can, of course, be simply interpreted in the reduced system as due to time depen- 
dent scalar potentials in 1-dimension. But this interpretation does not provide a 
framework from which to derive the Hamiltonian structure, nor does it lead in any 
intrinsic way to the corresponding isomonodromic deformation equations. The 2- 
dimensional electromagnetic models derived here, however, follow naturally from 
the 2x2 rational matrix form provided by the sl{2)ji loop algebra in the classical 
i?-matrix approach. The pair consisting of the Hamiltonian Ha and the symmetry 
generator a required for reduction to a 1-dimensional system are both seen in this 
formulation as generators of the ring Ia of spectral invariants on a Poisson subspace 
Qa C si {2)fi. The isomonodromic deformation equations follow by modifying the 
isospectral equations resulting from the i?-matrix Poisson structure by taking into 
account the t-dependent moment map Ja- 

The loop algebra approach to isomonodromic deformation equations for matrix 
differential operators of arbitrary rank having regular singularities in the finite A- 
plane was developed in [H]. The examples of the Painleve transcendents Pi Py 
show that this theory may be extended, within the classical i^-matrix setting, to 
the case of irregular singular points both at finite and infinite values of A. The 
general case, with arbitrary rational A/'(A) of any rank [JMU, JM], is also likely to 
be amenable to a Hamiltonian formulation within the J?-matrix framework using 
the t-dependent version of the general moment map construction of refs. [AHP, 
AHH, HWl]. 
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